Although a number of recent studies have proposed ranking fuzzy numbers based on the deviation degree, most of them have exhibited several shortcomings associated with non-discriminative and counter-intuitive problems. In fact, none of the existing deviation degree methods has guaranteed consistencies between the ranking of fuzzy numbers and that of their images under all situations. They have also ignored decision maker's attitude toward risk, which significantly influences final ranking result. To overcome the abovementioned drawbacks, this study proposes a new approach for ranking fuzzy numbers that ensures full consideration for all information of fuzzy numbers. Accordingly, an overall ranking index is obtained by the integration of the information from the left and the right (LR) areas between fuzzy numbers, the centroid points of fuzzy numbers and the decision maker's attitude toward risk. This new method is efficient for evaluating generalized fuzzy numbers and distinguishing symmetric fuzzy numbers. It also overcomes the shortcomings of the existing approaches based on deviation degree. Several numerical examples are provided to illustrate the superiority of the proposed approach. Lastly, a new fuzzy MCDM approach for generalized fuzzy numbers is proposed based on the proposed ranking approach and the concept of generalized fuzzy numbers. The proposed fuzzy MCDM approach does not require the normalization process and thus avoids the loss of information results from transforming generalized fuzzy numbers to normal form.
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Introduction
Playing a key role in the process of decision-making, data analysis, and artificial intelligence, the ranking and comparing of fuzzy numbers are research problems in fuzzy set theory. Ever since Jain [1] proposed the first fuzzy number ranking method, various comparison indices have been devised for ranking fuzzy numbers [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] , with some of them reviewed by [12, 13] . In the existing indices, the concept of a centroid point is generally employed to transform the fuzzy set into a real-value. For instance, Yager [14] proposed the centroid index ranking approach with a weighting function. Cheng [15] proposed the distance index, where the distance represents the original point to the centroid point, and proposed the coefficient of variation to improve Lee and Li's method [13] , which is based on the concept of probability measure and where they considered the mean and dispersion of alternatives. However, the distance index and coefficient variance in Cheng's method [15] provides inconsistent ranking results, as indicated by Chu and Tsao [16] . To overcome these shortcomings, they presented the area between the centroid point and the original point for ranking fuzzy numbers. Wang and Lee [17] later claimed that Chu and Tsao's problem [16] lies in the computation of an area between the centroid and original points. A compelling revision was made; however, it failed in ranking the fuzzy numbers with identical centroids.
Recent research by Wang et al. [18] made significant progress in overcoming these difficulties by combining the transfer coefficient and LR deviation degree of a fuzzy number. Their approach defines the LR deviation degree based on the minimal and maximal reference sets, and the transfer coefficient reflects the relative variation of the LR deviation degree of a fuzzy number for constructing the overall ranking index. Unfortunately, this effort is not fully successful.
Wang and Luo [19] next claimed that the LR deviation degrees of Wang et al.'s method [18] are based on the maximizing set and minimizing set method, which can be less efficient when comparing fuzzy numbers with the same left, right, and total utilities. According to Asady [20] , the causes of the ranking results derived by Wang et al.'s method conflict with intuition about the computation of the LR deviation degrees and transfer coefficient. Thus, Asady introduced the correct LR deviation degrees by employing parametric forms of a fuzzy number, as suggested by Asady and Zendehnam [4] .
Nejad and Mashinchi [21] indicated that Wang et al.'s method [18] displayed two restrictions. One is that the transfer coefficient k is equal to zero or one, resulting in the LR deviation degree d L , d R being worthless, respectively. The other restriction is that when either the left deviation degree d L , or the transfer coefficient k is equal to zero, it results in the ranking index value becoming zero. The areas of the LR sides of the fuzzy number are therefore introduced, and in addition, two fuzzy numbers A 0 and A n+1 are suggested to prevent the transfer coefficient, the areas of LR sides is equal to zero. According to Hajjari [22] , despite their many strengths, the majority of the existing approaches based on deviation degree offer no guarantee of consistency between the ranking of fuzzy numbers and that of their images which occasionally even conflict with intuition.
To effectively tackle such limitations, this study proposes an improved method for ranking generalized fuzzy numbers. We consider the LR areas and the expectation of the centroid of a generalized fuzzy number as the factors for calculating the ranking index value. Based on a comprehensive review of the shortcomings of the existing deviation degree methods, the decision maker's attitude toward risk is used in the innovative ranking index. In particular, the proposed method allows a decision maker to select an alternative that the decision maker prefers.
Multi-criteria decision-making (MCDM) is a well-known and useful methodology for selecting the most suitable alternative from a set of alternatives under an uncertain environment. In many applications, the decision makers' opinions are expressed in linguistic terms and cannot be represented by crisp numbers. To resolve this issue, numerous studies have proposed fuzzy MCDM methods for solving real-life problems [23] [24] [25] [26] [27] . Most existing fuzzy MCDM methods used normal fuzzy numbers. However, Chen [28] pointed out that it is impossible to restrict the membership function to the normal form in some cases and proposed the concept of generalized fuzzy numbers. Since then, many ranking approaches and a few fuzzy MCDM approaches have been proposed for generalized fuzzy numbers [9, [29] [30] [31] [32] .
Many fuzzy MCDM methods that used generalized fuzzy numbers convert generalized fuzzy numbers into normal fuzzy numbers through normalization process and then apply the fuzzy MCDM methods for normal fuzzy numbers [33] . However, Kaufmann and Gupta [34] indicated that the normalization process has a serious disadvantage, that is, the loss of information. To overcome this shortcoming, this study proposes a new fuzzy MCDM approach for generalized fuzzy numbers that does not require the normalization process. In the proposed method, the ratings of each alternative and the importance weight of each criterion are represented as generalized trapezoidal fuzzy numbers. A new ranking method for generalized fuzzy numbers is developed to obtain the ranking order of alternatives.
The rest of this paper is organized as follows. Section 2 briefly reviews the basic definitions and arithmetic operations of fuzzy numbers. Section 3 proposes an improved method for ranking generalized fuzzy numbers. Section 4 provides numerical examples to compare with the various different approaches. Section 5 shows the proposed fuzzy MCDM method. Section 6 applied the proposed MCDM method solve a furniture supplier selection. Finally, Section 7 concludes the paper.
Preliminaries
This section reviews some basic definitions, arithmetic operations of fuzzy numbers as follows.
Basic definitions of trapezoidal fuzzy numbers
Definition 1: A fuzzy number A = (a, b, c, d; -) is described as any fuzzy subset of the real line R with membership function f A that possesses the following features: The image of fuzzy number A = (a, b, c, d) is defined as -A = (Àd, Àc, Àb, Àa) [34, 35] . The support of a fuzzy number A on the real number R is defined as follows [36] :
Arithmetic operations
The arithmetic operations defined for two generalized trapezoidal fuzzy numbers,
, are as follows [29] :
The proposed method for ranking generalized fuzzy number
This section introduces a new method for ranking generalized fuzzy numbers. The proposed method calculates the left side area, the right side area, and the transfer coefficient (LRTC) of a fuzzy number to evaluate the ranking index value of fuzzy numbers. The proposed method for ranking generalized fuzzy numbers is presented as follows:
Assume that there are n fuzzy numbers 
where a min A i ¼ minfa 1 ; a 2 ; :::; a n g; d
The new left and right transfer coefficients (LRTC) s
are defined as follows:
The LRTC s
reflects the relative variation of the LR of fuzzy number A i . Without loss of generality, the LRTC added together with e 1 defines as an extremely small value. This prevents the LRTC from being zero when M
To guarantee a consistent ranking outcome, it is necessary to input the full information of a fuzzy number into the ranking index. This method thus constructs the innovative ranking index by the LR areas, the LRTC, and index of optimism a in order to evaluate the ranking scores of generalized fuzzy numbers. It is determined by the following equations:
Otherwise
where e 2 , an extremely small value, satisfies the condition
and s
meaningful in the ranking index computation even though either d
is equal to zero. The a is the index of optimism reflecting the decision maker's attitude toward risk in decision making and satisfies a e [0, 1]. The larger the index of optimism is, the higher the degree of optimism will be for the decision maker. It is obvious that the proposed ranking index possesses two advantages. One allows decision makers to assign the preference. The other always provides consistency between the ranking fuzzy numbers and the ranking of their images, which will be demonstrated in Theorem 1 and Theorem 2. Based on the ranking index values, the ranking order is defined for any two fuzzy numbers A i , A j under the following rules:
Theorem 1. For a group of fuzzy numbers
Proof: To prove Theorem 1, the factors that construct the ranking index value of the trapezoid fuzzy number are obtained by using the proposed method.
The LR areas of the trapezoid fuzzy number A i and their images ÀA i are obtained as follows:
The expectation value of the centroid of the generalized fuzzy number A i and their images ÀA i are expressed as follows:
We have:
From Eqs. (16), (17), (18), (19) and (20), we have:
Assume that A i 1 A j ,
in the right side of inequality (24) by substituting them with Àd
; respectively. Inequality (24) becomes:
Add both sides of inequality (25) by e 2 to get:
Thus,
The order of the images is therefore ÀA j 1 ÀA i . We can conclude that Theorem 1 is true.
Theorem 2. For a group of fuzzy numbers
. . . ; n and their images
Proof: Theorem 2 is true and it can be proven in the same way as Theorem 1.
Given two generalized fuzzy numbers
then there exists a non-negative generalized fuzzy number A 3 such that
Since 0 6 a 2 À a 1 6 b 2 À b 1 6 c 2 À c 1 6 d 2 À d 1 and 0 < -2 6 -1 6 1; A 3 is a non-negative generalized fuzzy number. This completes the proof. The steps of the proposed approach for ranking generalized fuzzy numbers is as follows.
Step 1 A 3 = (0.1, 0.6, 0.8) , as shown in Fig. 1 Example 2. Consider two symmetric triangular fuzzy numbers A 1 ¼ ð0:2; 0:5; 0:8Þ and A 2 ¼ ð0:4; 0:5; 0:6Þ adopted from Hajjari [22] . As shown in Fig. 2 , the fuzzy number has the same spread and mode, making most of the existing approaches incapable of discrimination. While the approaches of Asady and Zendehnam [4] , Lee and Li [13] , Yager [14] , Chu and Tsao [16] , Asady [20] , Nejad and Mashinchi [21] , and Wang and Luo [19] obtained the uniform result A 1 $ A 2 ; Wang et al.'s approaches [18, 37] produced A 1 0 A 2 and A 1 1 A 2 , respectively. In fact, they did not produce a satisfactory result due to only considering the geometry of the fuzzy numbers and neglecting the decision maker's preference, which is meaningful for making the final decision. Therefore, our proposed method considers the decision maker's attitude toward risk a as a significant factor for calculating the overall ranking index.
Using the proposed method, we get
In this case, let the decision makers decide which alternative they prefer as being necessary. As a result, the ranking result depends on the decision maker's preference. As can been seen in Table 1 , A 1 0 A 2 if the left side of the fuzzy number is preferable to the right side. This implies the decision maker prefers A 1 over A 2 .In contrast, A 1 1 A 2 if the left side of the fuzzy numbers is incomparable to the right side, resulting in that the decision makers would rather take A 2 over A 1 . A 1 $ A 2 if the left side of the fuzzy number is equal the right side and they treat A 1 , A 2 as the same. Table 2 presents that the proposed method obtains reasonable ranking results A 1 0 A 2 , ÀA 1 1 ÀA 2 , and they agree with the results of Kumar et al. [31] and Chen and Chen [29] . Consequently, our proposed method not only can distinguish symmetric fuzzy numbers, but it can also deal with generalized fuzzy numbers as well. Obviously, the outcomes of the proposed approach show consistency between the ranking order of fuzzy numbers and that of their images and conform to the intuition and the results of existing approach [29, 32] , as can be seen in Table 3 .
The proposed fuzzy MCDM approach
In this section, a new fuzzy MCDM approach for generalized fuzzy numbers is proposed based the concept of fuzzy set theory and the proposed ranking approach. To avoid the loss of information, generalized trapezoidal fuzzy numbers are used to represent an expert's judgments in linguistic terms, such as Very Low, Low, Medium, High, and Very High. The membership functions of the linguistic terms are shown in Fig. 7 .
The proposed fuzzy MCDM approach is summarized as follows. Step 1. Aggregate the importance weights.
Let w jt ¼ ða jt ; b jt ; c jt ; d jt ; -jt Þ; j ¼ 1; 2; . . . ; n; t ¼ 1; 2; . . . ; k be the weight assigned by decision maker D t to criterion C j . The average weight, w j = (a j , b j , c j , d j , -j ) of criterion C j assessed by a committee of k decision makers can be evaluated as [38] :
Step 2. Aggregate ratings of alternatives versus criteria.
. . . ; m; j ¼ 1; 2; . . . ; n; t ¼ 1; 2; . . . ; k be the suitability rating assigned to alternative A i for criteria C j by decision maker D t . The average suitability rating r ij = (e ij , f ij , o ij , p ij , -ij ) can be evaluated as [38] :
Step 3. Construct the fuzzy rating matrix D and the fuzzy weight matrix w. A multiple criteria decision-making problem can be concisely expressed in matrix format as: 
where r ij is the fuzzy rating of alternative A i , i ¼ 1; 2; . . . ; m, with respect to criterion C j , and w j is the fuzzy weight of criterion C j , j ¼ 1; 2; . . . ; n.
Step 4. Compute the total fuzzy value of each alternative. The total fuzzy value of alternative A i , i ¼ 1; 2; . . . ; m, can be evaluated as [38] :
Step 5. Defuzzify the total fuzzy values. The proposed ranking index based on the left and right areas and transfer coefficient are used to defuzzify all the total fuzzy values V i , i ¼ 1; 2; . . . ; m.
The index value D V i ; i ¼ 1; 2; . . . ; m, is obtained by using Eqs. (6)-(15).
Step 6. Rank the alternatives. The ranking index D V i determines the ranking order of alternatives. The higher the value of the index is, the larger the alternative will be.
A case study
In this section, we apply the proposed fuzzy MCDM method for generalized fuzzy numbers to the selection of the best furniture supplier. The case company G is considering buying office furniture for its new headquarter. A committee consists of three decision makers, D 1 , D 2 and D 3 , is formed to select the best furniture supplier based on nine criteria: Price of product Table 6 Ratings of the alternatives versus the criteria. 
